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Abstract

The MONDian theory of AQUAL (AQUAdratic Lagrangian) and the theory of GRAS (GRavitational Anti-Screening) are
alternatives to the theory of dark matter. When these theories are applied to galaxy dynamics they are in excellent agreement
with observations including the galactic RAR (Radial Acceleration Relationship). However, when applied to galaxy clusters
they do not explain the bulk of the missing mass. This manuscript develops a modified version of the GRAS/AQUAL field
equation that can be extended to galaxy clusters. It involves just a single free parameter. The new field equation is then
applied to a sample of galaxy clusters and checked against modeled galaxies and solar system constraints. Further to this, the
modified field equation leads to an understanding of the difference between the galactic RAR and the RAR recently found

for clusters.
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1 Introduction

Dark matter is an integral component of ACDM, the cur-
rent standard model of cosmology (Aghanim et al. 2020;
Blanchard et al. 2022; Trimble 1987; Bertone and Hooper
2018). The ACDM model has been successful in modeling
a wide range of astronomical observations and provides the
most accepted explanation for gravitational fields, greater
than that provided by the baryonic mass, which are required
to explain the dynamics of galaxies and galaxy clusters.
This theory postulates that non-baryonic matter exists within
galaxies and clusters that only interacts gravitationally or via
the weak force. A particular success of the theory has been
that the expected distribution of dark matter matches well
with what is required to explain the hydrostatic stability of
hot X-ray emitting intracluster gas in clusters. Indeed, it is
the observations of galaxy clusters that initially led to the hy-
pothesis that some sort of dark matter was required (Zwicky
1933).
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Although successful with galaxy clusters, the theory of
dark matter has had difficulty dealing with observations on
the scale of galaxies. This includes the speed of galactic
bars in disc galaxies (Roshan et al. 2021), the distribution of
satellite galaxies (Pawlowski 2021), and the prediction that
some types of dwarf galaxies should not contain dark mat-
ter (Kroupa 2014). A summary of such issues can be found
in Banik and Zhao (2022). The most conspicuous observa-
tion that the theory of dark matter has difficulty with is the
rotational velocity curves of spiral galaxies. These velocity
curves are found to flatten out and approach a constant value
in their outer regions (Famaey and McGaugh 2012). Weak
gravitational lensing observations have shown that there is
no apparent cut-off to this observation, with velocity curves
remaining flat for hundreds of kiloparsecs, possibly out to 1
Mpc (Mistele et al. 2024). Going beyond just the rotational
curves flattening out, it has been found that there is a direct
correlation between a galaxy’s baryonic mass and this con-
stant outer rotational speed. This relationship is known as
the Baryonic Tully Fisher Relationship (BTFR) (McGaugh
et al. 2000; McGaugh 2012) and is given by

Mbar = ABTFRV{ (1a)

where vy is the velocity in the outer flattened section of a
given spiral galaxy’s rotation curve, My, is the total bary-
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onic mass of the galaxy, and AgTrr is a fitted parameter. The
value of ApTpr as given by McGaugh (2012) is

ABTER = (47 £ 6) Mg km™*s*. (1b)

The modeling of the expected dark matter distribution leads
to a rotational profile (Navarro, Frenk & White 1996, 1997)
that does not naturally lead to this result (Wu and Kroupa
2015; Desmond 2017a, 2017b).

Recently the relationship between a galaxy’s baryonic
mass and its rotational speed has further been expanded to
consider the complete rotational curve. This is highlighted
by the work of McGaugh et al. (2016) and Lelli et al. (2017)
who found a relationship between the radial acceleration as
determined from the observed rotational curves and the pre-
dicted radial acceleration due to Newtonian gravity deter-
mined from the baryonic mass distribution of the galaxies.
The following Radial Acceleration Relationship (RAR) was
found to provide an exceptionally good fit to the data:

Zbar

= =224 2
g 1 —e Vv gbi\r/go ’ ( )

where g is the true acceleration as determined from the ob-
served rotational curve, gy, is the Newtonian gravitational
field as determined from the baryonic mass distribution and
g, is a fitted gravitational parameter. From McGaugh et al.’s
(2016) data set and their adopted stellar mass-to-light ratio,
the fitted value of this observational parameter was found to
be

go=(1.2040.02) x 1071 ms~2. (3)

Analysing a set of disk galaxies from the SPARC data-
base, Rodrigues et al. (2018a, 2018b, 2020) have argued that
the RAR and the constant g, is an emergent phenomenon
arising from the averaging of results from individual galax-
ies. Using the same SPARC data set, this has been refuted
by McGaugh et al. (2018) and Kroupa et al. (2018). For
this manuscript it will be taken that the RAR, as given by
Eq. (2), with the constant g,, as given by Eq. (3), does hold
for galaxies.

In the limit where gpar <K g0, Eq. (2) leads to

2= (2baro)'/?. 4

If the baryonic mass of the galaxy is spherically symmetric,
Spar 1S given by

GM,
Ebar = r—zar (®)]

where My, is the total baryonic mass within r from the
galactic centre. For a disc dominated galaxy, the value for
gbar in Eq. (5) must take into account that the gravitational
field within the disc of the galaxy is greater than for the case
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of spherical symmetry. Correcting for this leads to the New-
tonian field within the disc being given by

GM,
Ebar = & 2 = ) (6)

where o = 1.32 (McGaugh and de Blok 1998). Equations
(4) and (6) then lead directly to the BTFR as given by (1a)
and (1b).

Although proponents of dark matter argue that the BTFR
and the galactic RAR may be the result of the interplay be-
tween dark matter and baryons (Ludlow et al. 2017; Navarro
et al. 2017; Famaey et al. 2018), the BTFR and the galactic
RAR have been the primary motivation behind alternative
theories. Both the BTFR and the RAR strongly suggest that
the baryonic mass of a galaxy is ultimately responsible for
the total gravitational force that it experiences. This leads to
two general possibilities.

The first possibility is that baryonic mass is solely re-
sponsible for the additional gravitational field. A modi-
fication to Newtonian theory, and therefore general rela-
tivity, is required to account for the observational proper-
ties of galaxies. MOdified Newtonian Dynamics or MOND
falls under this category (Milgrom 1983a, 1983b, 1983c;
Bekenstein and Milgrom 1984; Famaey and McGaugh 2012;
Sanders 2014; Banik and Zhao 2022). MOND was orig-
inally proposed to explain galaxy rotation curves and the
Tully-Fisher relation (Tully and Fisher 1977), the precursor
to the BTFR. The two primary versions of MOND, AQUAL
(AQUADratic Lagrangian) and QUMOND (QUasilinear
MOND), both lead to a field equation that reduces in the
spherically symmetric case and for g <« g, to the BTFR.
AQUAL will be the specific version of MOND considered
in this manuscript.

The second possibility is that baryonic mass is indirectly
responsible for the additional gravitational fields. Blanchet
(Blanchet 2007a, 2007b; Blanchet and Le Tiec 2008) pro-
posed the existence of a cosmic medium consisting of grav-
itational dipoles which become polarized in a gravitational
field. The polarized dipole medium provides an additional
contribution to the gravitational field surrounding a given
mass.

Blanchet’s gravitational dipoles are modeled as consist-
ing of a pair of particles, one of positive gravitational mass,
and the other of negative gravitational mass, with both parti-
cles having positive inertial mass. These dipoles will there-
fore align in a gravitational field. An unspecified internal
force between the pair of particles that constitute the dipole
is required to bind the dipole together. This force is also
required to balance the local gravitational field so that the
dipole distribution about a given mass is static. The internal
force, and therefore the dipole moment, is modeled as either
being dependent on the gravitational field (Blanchet 2007a,
2007b) or on the polarization field (Blanchet and Le Tiec
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2008). This dependence is such that the model leads to the
BTFR.

A variation of Blanchet’s dipole theory is GRAS (GRav-
itational Anti-Screening) as proposed by Penner (2011,
2016a, 2016b, 2018, 2022). A similar theory has also been
proposed by Hajdukovic (2011a, 2011b, 2020), but in this
case it is not in agreement with solar system constraints
(Banik and Kroupa 2020). In GRAS it is hypothesised that
the gravitational field surrounding a baryonic mass induces
mass dipole moments in the quantum fluctuations in the sur-
rounding vacuum. Unlike with Blanchet’s dipoles, there are
no unknown internal forces and the temporal nature of the
fluctuations keep the dipole distribution static about a given
mass.

The sea of virtual mass dipoles is analogous to the case
in quantum electrodynamic theory (QED). In QED, the in-
duced virtual electric dipoles in the vacuum results in a
screening effect that leads to the observed charge of a par-
ticle being less than its actual bare charge. The vacuum be-
haves like a dielectric. In GRAS, the alignment of virtual
mass dipoles results in an anti-screening effect that leads
to the observed gravitational mass of a body being greater
than its baryonic mass. The dependence that the resulting
mass dipole moment density has on the gravitational field
is modeled such that it leads to the BTFR and the galac-
tic RAR. GRAS has also been applied to galactic rotation
curves (Penner 2013, 2016a), binary galaxies (Penner 2023),
and the Solar System (Penner 2020a, 2020b).

Gravitational dipole theories differ from MOND in that
no modification of Newtonian theory is required. The con-
tribution that a field of mass dipoles makes to the gravita-
tional field is equal to a real mass density. However, the re-
quirement of a particle or any entity with a positive inertia
mass and a negative gravitational mass still poses a theoret-
ical problem for any mass dipole theory.

Both AQUAL and GRAS lead to the same field equa-
tion (Penner 2022) and both are in excellent agreement with
the BTFR and the RAR. However, while these theories are
in good agreement with observations on the galactic scale,
there are problems when applied to galaxy clusters (Sanders
2003; McGaugh 2015). Extrapolating MOND to clusters of
galaxies has led to gravitational fields that are too weak to
explain the hydrostatic equilibrium of the X-ray emitting
cluster gas. More recently, ultra diffuse galaxies (UDGs)
have been discovered within clusters (Mihos et al. 2015;
Koda et al. 2015). Due to the relatively large gravitational
fields of the clusters, MOND predicts that the UDG’s should
behave close to Newtonian and thereby suffer tidal disrup-
tions (Bilek et al. 2019; Hodson and Zhao 2017a). How-
ever, these UDG’s typically do not show any signs of tidal
disruptions. Therefore, these galaxies also appear to need
significantly stronger gravitational fields than that currently
provided by MOND. A unique problem is found with the

Bullet cluster, where the galaxies have been spatially sepa-
rated from the majority of the intracluster gas. For this spe-
cial cluster, the gravitational fields provided by MOND also
appear to be far too weak to explain gravitational lensing re-
sults (Angus et al. 2007; Knebe et al. 2009; Banik and Zhao
2022). All three of these problems that MOND has, would
seem to indicate that diffuse baryonic mass distributions re-
quire significantly more gravity than what is apparently pro-
vided by the theory. Given that AQUAL and GRAS have
the same field equation, these problems will also apply to
GRAS.

To add another piece to the puzzle, galaxy clusters have
recently been found to have their own RAR (Tian et al.
2020, 2024). Analysis of 20 high-mass clusters targeted
by the Cluster Lensing And Supernove survey with Hub-
ble (CLASH) leads to the following relationship for clusters
(Tian et al. 2020)

In () = 0.51F0 02 In (goar) — 9.807 |0z )
Fixing the slope at m = 0.50, Eq. (7) can be rewritten as

g = (2baroc) "/ (8)

with g, a fitted gravitational parameter for clusters, given
by

Zoc = (2.0240.11) x 107 ms ™2, ©)

Both the galactic RAR, Eq. (2), and the new cluster RAR,
Eq. (7) are included in Fig. 7. As is seen in the figure, the
slope for both relationships with gpar < g, for galaxies and
with gpar <K goc for clusters is similar, leading respectively
to Egs. (4) and (8). However, given that the same gp,, leads
to two vastly different total gravitational fields indicates that
there can be no universal RAR that just depends on gp,r. As
will be seen, AQUAL and GRAS similarly have the total
gravitational field dependent just on gp,. This explains why
they also fail when they are extended to galaxy clusters.

If the stronger gravitational fields found with galaxies
and clusters are not due to dark matter but to current gravi-
tational theory being incomplete, the ultimate goal is to de-
rive a theoretically based general field equation that encom-
passes all. The goal of this particular manuscript is less am-
bitious. The goal here is to take a step towards the final grav-
itational field equation by modifying the GRAS/AQUAL
field equation so that it applies not only to galaxies but also
to galaxy clusters. Although there are other significant prob-
lems that GRAS and AQUAL have, the fact that when ap-
plied to clusters a large mass discrepancy still exists may
be the most serious. This modified GRAS/AQUAL equation
will provide some insights into the form of the true field
equation. In addition, it will lead to an understanding of the
difference between the galactic RAR and the cluster RAR
and how these two RAR’s are compatible with each other.
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Table 1 The 12 clusters along with their inner and outer radii that are
considered in the manuscript

Cluster Tinner (kpc) Touter (Kpc)
Al133 40 1511
A478 30 2006
Al413 20 1949
RXJ1159 10 1050
MKW4 5 951
A907 40 1644
A262 10 975
A383 25 1416
A1795 40 1853
A1991 10 1098
A2029 20 2043
A2390 80 2124

The outline of this manuscript is as follows: Sect. 2 will
discuss the cluster sample and galaxy model that will be
used in the analysis. Section 3 will discuss the current field
equations of GRAS and AQUAL followed by the proposed
modified field equation. Section 4 will then apply the old
and new field equations to the cluster sample and the galaxy
model. Section 5 will provide a conclusion and a discussion
of the results. Included in Sect. 5 will be a proposed method
for determining whether the additional gravitational fields
required for galaxies and clusters is due to dark matter or if
a modification to current gravitational theory is needed.

2 Cluster sample and galaxy model

The GRAS/AQUAL field equations, as well as the galac-
tic and cluster RARs, require as input gp,y, the gravitational
field due to the baryonic mass. To determine gp,r, the bary-
onic density profile, ppar, Of a galaxy or a galaxy cluster first
needs to be determined. Once pp, is found, the enclosed
baryonic mass within r is given by

T
Mo (1) = /0 4701 gy (1) (10)
and gp,r can then be determined by Eq. (5).
2.1 Galaxy cluster sample

For this manuscript, the same 12 clusters that Hodson and
Zhao (2017b) used in their analysis, selected from the Chan-
dra galaxy cluster sample (Vikhlinin et al. 2006), will be
considered. These 12 clusters are all nearby (z < 1) and are
in the baryonic mass range 10'3 to 103 M. The 12 clusters
are listed in Table 1 along with their inner and outer radii that
will be used in this manuscript. The inner radii are as given
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by Vikhlinin et al. (2006), were they excluded the central
temperature bin. The outer radii are set equal to 1.5r5¢, as
per Hodson and Zhao (2017b), where the r500 values are as
given by Vikhlinin et al. (2006).

The dominant baryonic mass component of these clusters
is the X-ray emitting gas. To model the density of this gas,
Vikhlinin et al. (2006) chose a three-term model leading to
the following expression for pgas(r),

Pgas <r>=1-252mpno< (r/rC)_zﬂfa/z 1 &/
(14 (t/1)?) (14 (x/r)")*Y

1 1/2
_ 11
+(1+<r/rcz)2>3ﬂ2) b

where m,, is the mass of a proton and n, is the central num-
ber density. The value for n, and the values for the scale
radii r, 15, and 1o, along with the dimensionless parameters
o, B, v, €, and By are given for all 12 clusters in Vikhlinin
et al. (2006) as well as in Hodson and Zhao (2017b).

After the gas, the only other significant baryonic mass
component are the galaxies themselves. Following Hodson
and Zhao (2017b) it will be taken that only the brightest
cluster galaxy (BCG), located in the centre of the cluster,
will have a significant contribution to the cluster’s gravita-
tional field. The other galaxies are taken to contribute a rela-
tively small amount to the overall baryonic mass of the clus-
ter and to the resulting gravitational field. For the density
profile for the BCG, the following Hernquist model from
Hodson and Zhao (2017b) is used

Mgcch

2mr(r + h)3 (12)

PBCG (1) =
where h, the Hernquist scale length, is set equal to 30 kpc
for all clusters, as per Hodson and Zhao. The mass, Mpcg,
of the BCG, following from the work of Schmidt and Allen
(2007), is given by

M350

0.42
3x 1014 MO) (13)

Mpgcg = 5.3 x 10! <
where M5 is the enclosed mass at r5qg, the radius at which
the average density is 500 times the critical density of the
universe. The values for M5y are provided by Vikhlinin
et al. (2006). The baryonic density profile is then given by
Pbar (1) = pgas (1) + pBCG(1).

Figure 1 shows the resulting baryonic mass profiles, ob-
tained from Eq. (10), for the 12 clusters. For this figure, the
mass profiles have been extrapolated out to 10 Mpc. The 12
clusters have been split into two groups. In Fig. 1a are the
6 clusters where the baryonic mass approaches a constant
value at large radii. This is what is expected for bounded
clusters. In Fig. 1b are the other 6 clusters, which appear
to be unbounded, with their baryonic mass still significantly
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Fig. 1 The baryonic mass 10'6
profiles of the 12 clusters

obtained from Egs. (10), (11),

and (12). In figure a) are the 6

clusters which behave as 10"+
bounded clusters. These are the
galaxy clusters A133, A478, A
1413, RXJ1159, MKW4, and
A907. In figure b) are the other
6 clusters whose mass profiles
based on Egs. (10), (11), and

Mbar
(Msun)

Mbar
(Msun)

(12), keep increasing

JO‘OO
r(kpe)

a)

T
0 2000

increasing even beyond 10 Mpc. For these clusters it is dif-
ficult to set a cut-off radius. As will be discussed this is a
problem. As such, the subsequent analysis will focus on the
6 bounded clusters of Fig. 1a.

Given the density and temperature profiles for a given
cluster, one can also estimate Mgyn(r), the total mass en-
closed within the radius r, required to have the gas in hy-
drostatic equilibrium. The following expression for Mgy (r)
is given in Vikhlinin et al. (2006),

dinT
+ dlnr)

(14)

dIn Pgas
dinr

Mayn (1) = —3.68 x 10> M T (r)r(

where T is in units of keV and r is in units of Mpc. The
required temperature profile of the gas, T(r), as given by
Vikhlinin et al. (2006), is

(t/Tcool + Tmin/To)
(r/Teoo1) 00l + 1

(r/r)™*

T =T
nee ((r/r)P + 1)

5 (15)

The values for the gas parameters are given in Vikhlinin
et al. (2006).

In the theory of dark matter, the contribution of the dark
matter is most often given by the following NFW profile

3 r rg\ —1
M (1) = 4mpsrd | In (14— ) - (1 n ?) (16)
S
where 15 is the radius of the NFW profile and
500 . -
o= 2 <r500> Pcrit (17)
3 I

—1
I500 ) _ ts
log (1 + ) (1 + rsoo)

where pgri; is the critical density. Values for ry and r500 are
given in Hodson and Zhao (2017b). Therefore, the mass pro-

T
6000

, , ,
4000 6000 8000
r(kpe)

b)

T T
8000 10000 0 2000 10000

file for a cluster, according to the theory of dark matter, will
be given by

Mpm (1) = Mgas (1) + Mpcg (1) + MNpw (7). (13)

As will be seen, the dark matter profile given by Eq. (18) is
in good agreement with Mgy, (1), determined from Eq. (14).

2.2 Spiral galaxy model

When modifying the GRAS/AQUAL field equation so that it
can be extended to galaxy clusters, it is required that the new
field equation still agrees with galaxy observations, specifi-
cally the velocity curves of spiral galaxies. In order to pro-
vide a check on this, a model of the baryonic mass distribu-
tion of a spiral galaxy is needed. For the stellar mass com-
ponent, the following spherically symmetric models for the
bulge, Ppulge(r), and disc, pgisc(r), stellar mass distributions
were used,

Mbulge a 1
= - 19
Pbulge (r) 2 r(+ a)3 (19)
and
Muise
Pdisc (T) = Fll’:;e r/h (20

where Mpyjge and My;sc are the total baryonic masses of the
bulge and disc respectively, and a and h are scale radii.

For the purposes of this manuscript, the stellar mass dis-
tributions were determined corresponding to representative
Hubble stage T = 3 or Sb type galaxies with Mgisc /Mpulge =
3.22 and total stellar masses of 20 x 10° Mg, 60 x 10° Mg,
and 180 x 10° M. Table 2 shows the parameters used for
these modeled galaxies (Penner 2013).

In addition to the stellar component, galaxies also contain
significant amounts of gas (Ma et al. 2025; Read and Tren-
tham 2005). For the gas component of the above three model
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TabIeIZ The values of a (kpc), and h (kpc) used for the 3 modeled itational field, gpar, in turn is given by
galaxies
Maar (M) a (kpe) h(kpe)  8bar =~V Poar. 24)
180 x 10° 0.671 5.40 In the AQUAL version of MOND, and MOND in general,
60 x 10° 0.472 3.80 Newtonian gravitational theory and GR are modified, but
20 % 10° 0.332 267 the gravitational source remains just ppsr. The nonrelativis-

Table 3 The values of X, R, po, I, and y that were used for the 3
modeled galaxies

Mgtar o Ry Po Ie YV
Mo) (10" Mo kpe™2) (kpe) (103 Mgkpe™)  (kpe)

180 x 10° 2.18 0.32 0.04 103.79 1.62
60 x 10° 0.82 0.62 0.03 7531 1.62
20 x 10°  0.37 0.35 0.02 61.54 1.61

galaxies, the following baryonic mass distributions, as given
by Ma et al. (2025), of the H1 gas component, py(r), and
the hot gas halo, ppo(r), were used,

20K R¢
pu (1) = % @1
and
proc ()= po [ 1+ (/1] 22)

where Ky is the zeroth-order modified Bessel function of
the second kind. The specific set of gas parameters that will
be used are the values, as given by Ma et al. (2025), cor-
responding to the mass bins that the above three modeled
galaxies fall in. These values, from their subset of 129,278
star forming galaxies, are provided in Table 3.

Using Ma et al’s gas model, along with the values given
in Table 3, results in the gas fraction for the three modeled
galaxies ranging from approximately 25% to 40%. The over-
all baryonic density profile for the galaxies is then given by
Obar(Y) = Pbulge (1) + pdisc (r) + pH1 (¥) + oot (1) With the bary-
onic mass distribution then determined by Eq. (10).

3 Theory

3.1 AQUAL and GRAS field equations

In Newtonian gravitational theory, the field equation is given
by

V - V®par = 471G ppar. (23)

where @y, is the Newtonian gravitational scalar potential
and pp,y is the baryonic mass density. The Newtonian grav-
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tic AQUAL field equation is given by

V(1 (ga/g0) VOA) = 47 Gppar, (25)

with the resulting AQUAL gravitational field, ga, given by
gA=—Voa. (26)

The function w(ga/go) is referred to as the interpolating
function. In the case of spherical symmetry, the field equa-
tion given by Eq. (25) can be expressed by

wu(gA/80) EA = Lbar- 27)

The interpolating function ©(ga/go) therefore determines
the deviation between the AQUAL and Newtonian gravita-
tional fields.

To have agreement with both Newtonian theory within
the solar system (Hees et al. 2014, 2016; Aurelien et al.
2016) and the BTFR, the interpolating function must be such
that

w(ga/go) — 1 for ga > go, (28a)
and
gA
n(ga/go) = o for ga < go- (28b)
0

For ga < go, by Eqgs. (27) and (28b) the relationship be-
tween the Newtonian gravitational field gy, and the AQUAL
gravitational field ga leads to Eq. (4), which in turn leads to
the BTFR.

Although in AQUAL the only gravitational source is the
baryonic mass, for computational purposes, especially when
dealing with a non-spherically symmetric mass distribution,
a phantom dark matter density pppm can be defined as

1
PPDM = 4—V (1 — (2a/80)) V@A) . (29)
7 G

The field equation can then also be expressed as
V. VoA =47 G(ppar + ppDM)- (30)

Knowing ppar and determining the distribution pppp, one
can then use Newton’s gravitational theory to determine ga .

In GRAS’s gravitational theory, baryonic masses are
taken to induce mass dipole moments in a surrounding sea
of quantum fluctuations. This leads to an anti-screening of
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the baryonic mass and hence a larger observed mass. The de-
pendence that the resulting mass dipole moment density, P,
has on the total gravitational field gg is given by the theory
to be

1
P= mf(gc/go) 26, (€29)

with the function f(gg/g,) incorporating any nonlinearity
between P and gg. Analogous to a dielectric in electromag-
netism, the equivalent mass density pgipole corresponding to
this field of mass dipoles will be given by

Pdipole = -V.P (32a)

1
=_—=V-(f(8/2) V®c).

= 32b
4n G (32b)

In GRAS, Newtonian gravitational theory holds but pgipole
must now be included as a gravitational source. As such the
nonrelativistic GRAS field equation is given by

V - VO =47 G(pbar + Ldipole) (33)
or by substituting from Eq. (32b)
V.- V&G =47Gppar + V - (f (86/20) VPG) (34

In the case of spherical symmetry, the field equation given
by (34) becomes

2G = goar + f (8G6/80) &G (35a)
or
(I — f(g6/80)) &6 = Loar- (35b)

In order have agreement with both Newtonian theory within
the solar system and the BTFR, the interpolating function in
GRAS must be such that

f(ga/go) = 0 for gg > go, (36a)
and
flga/es) = 1— 28 for gg < go. (36b)

[¢]

From Egs. (25) and (34), it can be seen that the field equa-
tions for AQUAL and GRAS are equivalent, with the inter-
polating functions for the two related by

n(ga/go) =1— f(gc/g0)- (37

The determined distributions for pdipole and pppm and the
generated gravitational fields, gg and ga, will be identical.
This common gravitational field that falls out of GRAS and
AQUAL will be referred to as gga for the remainder of the
manuscript. The equivalence of both theories is beneficial

as previous results obtained specifically using AQUAL or
specifically using GRAS will therefore apply to both theo-
ries.

Although the two theories have the same field equation,
conceptually they are quite different. In the case of AQUAL,
pppM 1s taken to be a phantom density, a tool used to as-
sist in solving the field equation. In GRAS, pgipole is a real
gravitational source, equivalent to a real pp,r. In some sense
GRAS is a mixture of MOND and dark matter, with pgipole
playing the role of dark matter.

In addition to having agreement with the BTFR and solar
system observations, the interpolating function also needs
to agree with the more general galactic RAR. The following
interpolating function, found using GRAS (Penner 2023),

-2

f(6a/g0) = (1 - g;‘*) , (38)
&o

satisfies Eqs. (36a) and (36b) and leads to very good agree-

ment with the RAR. As such, Eq. (38) will be the interpolat-

ing function used in this manuscript. In the case of AQUAL,

the equivalent interpolating function would be

-2
i(goa/z) =1— (1 - gGA) . (39)
220

A major complication with the GRAS/AQUAL field
equations, Egs. (27) and (35b), is that they are non-linear
in gGa. As such, in general, external gravitational fields will
need to be included in calculations. This is referred to as the
External Field Effect (EFE). Examples of how this is han-
dled in MOND is provided by Milgrom (1986) and by Banik
and Zhao (2018). In these cases, a point mass in a uniform
external gravitational field is considered. Applying GRAS
to the case of the Sun in the approximately uniform exter-
nal gravitational field of the Galaxy is considered in Penner
(2020a). For the purposes of this manuscript, it will be taken
that the EFE is negligible and the galaxies and clusters con-
sidered are isolated.

If the baryonic mass is not spherically symmetric, then
either Egs. (25) or (34) needs to be used in order to calculate
the resulting gravitational field. Examples of handling this
in MOND is provided by Milgrom (1986) and De-Chang,
Matsuo, and Starkman (2010). An example of handling this
in GRAS is provided by Penner (2020a, 2023). In all these
examples the baryonic mass distributions considered are ax-
isymmetric.

For this manuscript, as any EFE is neglected and the
baryonic mass distributions are spherically symmetric,
Egs. (27), (35a) and (35b) apply. As such, the resulting
gravitational fields only depend on g, and on gpar, Which
in turn only depends on the enclosed baryonic mass. So as
discussed in the introduction, in their present form, these
field equations will fail when extended to galaxy clusters.
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3.2 Modified field equations

There have been previous attempts to modify MONDian
theories so that they can be extended to handle clusters.
In any modifications to MONDian theories, it is required
to preserve the theories’ behaviour on galaxy scales, where
they work so well, while significantly increasing the grav-
itational fields within clusters and UDGs. In general, this
has involved going from just the single parameter, a, or
go (depending on the theory), to having 2 or more param-
eters. In different versions of EMOND (Zhao and Famaey
2012; Hodson and Zhao 2017b) the interpolating function
is a function of the gravitational potential, in addition to
the gravitational field, along with two fitted parameters. The
gravitational potential is in general greater in magnitude
within clusters than in galaxies and in EMOND this leads
to a greater boost to the overall gravitational field. EMOND
has also been applied to UDGs (Hodson and Zhao 2017a).
Given that for both clusters and UDGs, EMOND leads to
better agreement with observations does suggest that the
cluster and UDG issues are one in the same. Refractive grav-
ity (RG) is another alternative modification to gravitational
theory that has been applied to both galaxies and clusters
(Matsakos and Diaferio 2016; Cesare et al. 2020). In RG,
the Poisson equation is modified by the introduction of the
gravitational permittivity, a monotone increasing function of
the local mass density. The equivalent interpolation function
for this formulation has three fitted parameters.

Although such modifications to MONDian and other
gravitational theories certainly lead to better results with
regards to clusters, this is to be expected with the in-
creased number of parameters. In this manuscript the
GRAS/AQUAL field equation will be modified so that it
applies to both galaxies and galaxy clusters, but will just
have the one parameter, g,, as is given by Eq. (3).

As a cornerstone of EMOND and RG, a crucial differ-
ence between galaxies and galaxy clusters is their distribu-
tion of the baryonic mass. This in turn affects the behaviour
of the total gravitational field, or in the case of EMOND
differences in the overall gravitational potential. Figure 2
shows how the total gravitational field depends on radial dis-
tance for the modeled galaxies and the 6 clusters of Sect. 2.
For the galaxies, the gravitational field as given by Eq. (2)
is used, as this has been found to be in good agreement with
galactic velocity curves. Likewise, for the galaxy clusters,
gpm calculated using Eq. (18) is used, as it has been found
to be in good agreement with the determination of the dy-
namical mass distribution as given by (14). As is seen, the
dependence that the gravitational field has on the radial dis-
tance for clusters is quite different to that for galaxies. For
the given galaxy models, the fall off in g goes as approxi-
mately r~!, while for the clusters, with their diffuse bary-
onic matter distribution, g initially falls off at a much slower
rate.

@ Springer
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Fig. 2 The gravitational field for the galaxy clusters using gpym (blue
lines) and the model galaxies using g from Eq. (2) (red lines). The ra-
dial ranges for the clusters are given in Table 1. For the model galaxies
the outer radial range has been set to 100 kpc. The black line corre-
sponds to g proportional to r~!

To quantify the dependence that the gravitational field has
on radial distance, the following parameter § is defined,

B = -——. (40)
g

For a gravitational field falling off as r~!, as found with the
modeled galaxies, 8 = 1, while in general, for a field falling
off as ™™, B =n~!. Figure 3 shows g versus r for the mod-
eled galaxies and clusters. As is seen, the value of § for the
clusters for r < 100 kpc is much greater than that for galax-
ies.

Multiplying the interpolating function f(g/g,) as given
by Eq. (38) by B should therefore have a large impact on
clusters but a much smaller impact on galaxies. The mod-
ified field equation in the case of spherical symmetry will
then be given by

2GA = Zvar + B f (86A/80) EGA- 41

In the case of GRAS, this corresponds to the dependence of
the mass dipole moment density being given by

1
P =GP/ (ga/g0) gaa- (42)

Substituting for B and rearranging Eq. (41) results in

’ gGA Ebar
— _SCA ([ _
£6A r ( gGA

-1
) f(gca/go) - 43)
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Fig. 3 The value of § versus radial distance for the 6 clusters (blue
lines) and the modeled galaxies (red lines)

Integrating Eq. (43) then leads to

r gGA

0 gca par
2GA = £GAo +/ |:g_ | — Sbar f(gca/go) | dr
T

(44)

were ggao 1S the gravitational field at a given reference dis-
tance r,.

As discussed in the previous section, the standard GRAS/
AQUAL field equation just depends on g, and gpar, and gpar,
in the case of spherical symmetry and neglecting any EFE,
just depends on the total enclosed baryonic mass within the
specified radial distance r. It does not matter what the bary-
onic mass distribution is outside of r, just what the total
enclosed baryonic mass is. The field equation as given by
Eq. (44) is quite different. The value of gpsr, and therefore
the baryonic mass, outside of r matters. The complete bary-
onic mass distribution matters. This is a consequence of hav-
ing the field equation as given by Eq. (43) involving both the
gravitational field, gga, and its derivative, gga’.

To solve the field equation as given by Eq. (44) for a given
gbar profile, the value of gga, at a specified radius r, needs
to be determined. The key to determining these values is
that when at a distance well beyond the baryonic mass dis-
tribution of a given system, that system starts behaving as a
point mass. At such distances the gravitational fields for both
galaxies and clusters will behave identically, with gy, being
given by Eq. (5) with My, being the total baryonic mass of
the system. In addition, we know what the gravitational field
should be in this region. The galactic RAR given by Eq. (2)

applies to both within as well as to far outside the baryonic
mass distribution of a galaxy. Therefore, it will also apply
to clusters when far outside of their baryonic mass distribu-
tion. For a radius of r,, which is far outside of the cluster’s
baryonic mass distribution, ggao will therefore be given by
the galactic RAR,

Zbar (To)

LAV 45
1_ e gbar(ro)/go ( )

£GAo (To) =

The technique that is used to determine what the value
of r, should be for the clusters, is to consider the effect that
I, has on the gravitational field calculated at the outer ra-
diuses as listed in Table 1. The criterion is that the r, chosen
should be such that the impact of doubling its value affects
the gravitational field at the outer radiuses, gGa (fouter), by
less than 1%. For the 6 clusters being considered this leads
to a value for r,, of 10 Mpc, the limit shown in Fig. 1. For ar,
of 20 Mpc the values of gga (fouter) range from being 0.27%
to 0.87% higher than for the selected value of 10 Mpc. For
comparison for the 6 clusters of Fig. 1b the gravitational
fields at rouer range from being 8.0% to 24% higher as r,
increases from 10 Mpc to 20 Mpc. To handle unbound clus-
ters such as these, r, could be increased to much larger val-
ues so that gga (fouter) €ventually stays relatively consistent.
Otherwise, another method would need to be used. One pos-
sibility is that observations of line-of-sight velocities and po-
sitions of the outer galaxies within a given cluster could be
used to determine an estimate of gga(r,) at a given r,. The
GRAS/AQUAL field equation as given by Eq. (44) could
then be used to determine the gravitational fields at other
radii.

For the model galaxies, the criterion for choosing the
value of r, was where the calculated gravitational field val-
ues at 50 kpc changed by less than 1% when the value of r,
was doubled. This leads to a value of r, equal to 150 kpc.
For a r, of 300 kpc the values of gga (50 kpc) range from
being 0.08% to 0.65% lower than for when r,, was set to 150
kpc.

The field equation given by Eq. (41) with 8 as given by
Eq. (40) is valid only for the case of spherical symmetry. In
the case of non-spherically symmetric baryonic mass distri-
butions, the parameter 8 can be expressed as

,3:1(1—3), (46)
2 g

which in the case of spherical symmetry reduces to Eq. (40).
For an axisymmetric distribution the value of the gravita-
tional field at a specific position, (0o, Z) Will still be needed.
This will be more challenging and overall, the determination
of the GRAS/AQUAL gravitational field will be much more
complex.
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4.1 Galaxy clusters

Substituting 1, = 10 Mpc and ggao, as given by Eq. (45),
into Eq. (44) allows for the gravitational field profile, gga, to
be determined for each of the 6 clusters. From this the mass
profile for each cluster is determined. The result is shown

@ Springer

inal GRAS/AQUAL field Egs. (35a) and (35b). The ranges
of radii used for each cluster are as given in Table 1. In-
cluded in the figures for each cluster are the mass profiles
corresponding t0 Mpgar, Mayn and Mpym.

As expected, the new GRAS/AQUAL field Eq. (44) leads
to much better agreement between Mga and the Mgyn, Mpm
profiles, than the current GRAS/AQUAL field Egs. (35a)
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-104

-114

Fig. 5 The dependence that g has on gy, for the 6 cluster samples
(black lines) compared to the galactic RAR (red line), and the cluster
RAR (blue line). Included are the data points from Tian et al. (2020)
corresponding to cluster radial distances of 400 kpc (blue data points),
and 600 kpc (red data points)

and (35b) does. Although the Mga profiles still appear to
fall somewhat short of Mgyn, it is reasonable to take the field
equation given by Eq. (44) as an approximation to the true
field equation, whatever that turns out to be.

On Fig. 5 are shown the 6 clusters plotted on the RAR
plot of Fig. 1. Although each cluster, with their individ-
ual baryonic mass distribution, will behave differently, there
are some common trends. For log(gp,r) > —11, the cluster
values tend towards the cluster RAR, while for log(gpar) <
—11, the values tend towards the galactic RAR. This is ex-
pected as one travels from inside the baryonic mass distribu-
tion towards the outside of the baryonic mass distribution.
Also plotted on the figure are two sets of the cluster data
from Tian et al. (2020). These correspond to the outer most
data values for their cluster samples, specifically at r = 400
kpc and 600 kpc. Although the data is limited, there is a
hint of a trend in line with the theoretical behaviour found.
Ideally future measurements can be expanded well beyond
600 kpc to see if this trend is real. This will have significant
consequences as will be discussed in the conclusion.

4.2 Galaxies

Substituting r, = 150 kpc and ggao, as given by Eq. (45),
into Eq. (44) allows for the gravitational field profile, gga,
to be determined for each of the 3 galaxies. The resulting
velocity curves for the 3 galaxies are shown in Fig. 6. In-
cluded in the figures are the velocity curves calculated from
the original GRAS/AQUAL field equation and the ones that
fall out directly from the galactic RAR, Eq. (2).

300

s oA =

T

2501

km ) 2007
)]

150 T

100 T T T T
0 20 40 60 80 100

r(kpe)

Fig. 6 Rotational velocity curves for the modeled galaxies. Generated
from the galactic RAR Eq. (2) (black line), generated from the original
GRAS/AQUAL Egs. (35a) and (35b) (blue line), generated from the
modified GRAS/AQUAL Egq. (44) (red line)

There certainly are differences between the velocity
curves determined from the modified field equation and the
RAR velocity curves. These differences are due to the pa-
rameter 8 not being exactly equal to 1. As a comparison, the
velocity curves derived from the original GRAS/AQUAL
field equation do correspond to 8 = 1. However, it must
be kept in mind that the interpolating function was chosen
to provide a good fit between the original GRAS/AQUAL
field equation and the RAR. Overall, the difference found is
not great enough to disqualify the modified GRAS/AQUAL
field equation as an approximation to the true field equation.
On Fig. 7 are shown values from the 3 modeled galaxies
along with the galaxy and cluster RAR’s. Again, the differ-
ences found between the values that fall out of the modified
field equation and the galactic RAR are relatively small.

Ideally, comparisons should be made with real galaxies,
and the effect of different interpolation functions should be
considered. However, the simple galaxy model used does
allow for the general effect of the modified field equation on
clusters and galaxies to be compared.

4.3 Solar system

In addition to checking the effect that the modified GRAS/
AQUAL field equation has on galaxies, the possible effect
on solar system dynamics needs to be considered. Using po-
sitional observations of planets and spacecraft, Pitjev and
Pitjeva (2013) have determined that the residual precession
rate for Saturn is — (0.32 4 0.47) mas cy~! and that any
unaccounted-for mass, AM, within Saturn’s orbit (~10 AU)
must be < 1.7 x 10710 M.
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-114

Fig. 7 The dependence that g has on gy, for the 3 modeled galaxies
(black lines) compared to the galactic RAR (red line) and the cluster
RAR (blue line)

Within the solar system, the gravitational field falls off as
2, and therefore B is equal to 1/2. The field equation as
given by Eq. (41) then becomes

1
2GA = Zbar + Ef (g6A/g0) EGA- 47)

Solving Eq. (47) for r = 10 AU, leads to gga(10 AU) —
gbar(10 AU) = 4.88 x 10710 ms—2, corresponding to an ad-
ditional mass within Saturn’s orbit of 8.28 x 10™12 M. This
is well within Pitjev and Pitjeva’s limit.

5 Conclusion

A modified GRAS/AQUAL field equation was developed
and applied to a sample of six galaxy clusters. These six
clusters were chosen as their given baryonic mass profiles
were found to approach a constant value at large distances,
allowing them to be treated as being bounded. This modified
field equation contains just a single parameter, namely g,
the same parameter found with the galactic RAR. However,
the modified field equation now involves both the derivative
of the gravitational field as well as the gravitational field it-
self. In terms of GRAS, this corresponds to the mass dipole
moment density depending on both the gravitational field
and its derivative.

The new field equation leads to the gravitational field de-
pending on the complete baryonic mass distribution and not
just on the total baryonic mass within the selected radius.
This dependence allows the modified field equation to dis-
tinguish between galaxies and galaxy clusters, which have
very distinctive baryonic mass distributions.

@ Springer

The resulting total mass profiles, determined by using the
new field equation, were found to be in reasonably good
agreement with the total mass profiles based on the stability
of the intracluster gas. The modified field equation also led
to velocity curves for a set of modeled galaxy baryonic mass
distributions that were in fair agreement with those obtained
from the galactic RAR and the current GRAS/AQUAL field
equation. Overall, it is concluded that a single field equation
that involves just a single free parameter can account for
the missing mass found with both galaxies and clusters. The
particular field equation provided in this manuscript should
be looked upon as being an approximation to the actual field
equation, whatever that may be.

The dependence that the modified GRAS/AQUAL field
equation has on the baryonic mass profile also leads to an
understanding of the two RAR’s, Eq. (2) for galaxies, and
Eq. (7) for galaxy clusters. The galactic RAR is applicable
to both inside and outside of a galaxies baryonic mass dis-
tribution, while the cluster RAR is only applicable within
the intracluster gas region of clusters. Crucially, far outside
of a clusters baryonic mass distribution the galactic RAR
should also hold. If there is a universal gravitational field
equation, this must be the case. Far outside of their bary-
onic mass distributions, galaxies and clusters must behave
similarly. This leads directly to a method of determining if
the additional gravitational fields of galaxies and clusters are
due not to dark matter but to incomplete gravitational the-
ory. If measurements can be taken out to the further most
regions of clusters, beyond the current limit of 600 kpc of
Tian et al. (2020), the question is, does the galactic RAR
given by Eq. (2) begin to apply? If it does, then alternate
gravitational theories such as MOND and GRAS are on the
right track. If not, dark matter would be the most probable
answer.
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